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INTRODUCTION

Non-singular conic of the projective plane
PG(2,q) over the finite field GF(q) consists of
q + 1 points no three of which are collinear.
Do these properties characterize non-singular
conics?

For q odd, affirmatively answered by B. Segre
(1954, 1955).

Generalization 1 (Segre):

Sets of k points in PG(2,q), £ > 3, no three
of which are collinear, and sets of k£ points in
PG(n,q), k>n-+1, non+ 1 of which lie in a
hyperplane; the latter are k-arcs.

Relation between k-arcs, algebraic curves and
hypersurfaces. Also, arcs and linear MDS codes
of dimension at least 3 are equivalent = new

results about codes.



Generalization 2 (Segre) :

k-cap of PG(n,q),n > 3, is a set of k points no
three of which are collinear.

Elliptic quadric of PG(3,q) is a cap of size
q°>+ 1.

For ¢ odd, the converse is true (Barlotti &
Panella, 1955).

Also, g2+ 1 is the maximum size of a k-cap in
PG(3,q9),q9 # 2.

An ovoid of PG(3,q) is a cap of size g2+ 1 for
q = 2; for ¢ = 2 an ovoid is cap of size 5 with
no 4 points in a plane.

Ovoids of particular interest discovered by

J. Tits (1962).

Ovoids = circle geometries, projective planes,
designs, generalized polygons, simple groups.

Caps = cap-codes.



Generalization 3 (JAT, 1971):

Arcs and caps can be generalized by replac-
ing their points with n-dimensional subspaces
to obtain generalized k-arcs and generalized k-
caps.

These have strong connections to generalized
quadrangles, projective planes, circle geome-
tries, flocks and other structures.

Remark on references
In a Theorem the names of the authors are in
the same order as the items in the statement.
Also, JAT = Thas J. A.




1. k-Arcs

1.1 Definitions

A k-arc in PG(n,q) is a set K of k£ points, with
k>n-+12>3, such that no n+ 1 of its points
lie in a hyperplane.

An arc K is complete if it is not properly con-
tained in a larger arc. Otherwise, if K U{P} is
an arc for some point P of PG(n,q), the point
P extends K.

A normal rational curve (NRC) of PG(n,q),
n > 2, is any set of points in PG(n, g) which is
projectively equivalent to

(@™, "1, ..., t, 1|t € GF(q)} U{(1,0,...,0,0)}.

A NRC contains ¢ + 1 points. A NRC is a
(¢ + 1)-arc.

n = 2 = non-singular conic

n = 3 = twisted cubic

Any (n 4+ 3)-arc of PG(n,q) is contained in a
unique NRC.



1.2 k-Arcs and linear MDS codes

C . m-dimensional linear code over GF(q) of
length k.

If minimum distance d(C) of Cisk—m+1=
C is maximum distance separable code (MDS
code).

For m > 3, linear MDS codes and arcs are
equivalent objects.

C:. m-dimensional subspace of vector space
V(k,q).

G: m X k generator matrix for C.

Then C is MDS if and only if any m columns
of G are linearly independent.

Consider the columns of G as points Py, Po, ..., P
of PG(m — 1,q). So C is MDS if and only if
{Pq1, P>, ..., P.} is a k-arc of PG(m — 1,q).

This gives the relation between linear MDS
codes and arcs.



1.3 The three problems of Segre

[. Given n and g, what is the maximum value
of k for which a k-arc exists in PG(n,q)?

II. For what values of n and q, with ¢ > n+41,
is every (¢ + 1)-arc of PG(n,q) a NRC?

III. For given n and q with ¢ > n + 1, what
are the values of k such that each k-arc
of PG(n,q) is contained in a (¢ + 1)-arc of
PG(n,q)7?

Many partial solutions.

Many results obtained by relating k-arcs to al-
gebraic hypersurfaces and polynomials ( see
e.g. Thas (1968), Ball (2012), Ball & De
Beule (2012), Ball & Lavrauw (2017), Bruen,
Thas & Blokhuis (1988), Hirschfeld (1998),
Hirschfeld, Korchmaros & Torres (2008),
Hirschfeld & Storme (2001), Hirschfeld & Thas
(2016)).



1.4 k-Arcs in PG(2,q)

T heorem
Let K be a k-arc of PG(2,q). Then

(i) k<qg+2;

(ii) for g odd, k< gqg+ 1;

(iii) any non-singular conic of PG(2,q) is a
(¢ + 1)-arc;

(iv) each (¢g+1)-arc of PG(2,q), g even, extends
to a (g + 2)-arc.

(¢+1)-arcs of PG(2,q) are called ovals; (¢g+2)-
arcs of PG(2,q), g even, are called complete
ovals or hyperovals.



Theorem (Segre (1954, 1955))

In PG(2,q), g odd, every oval is a non-singular
conic.

Remark

For ¢ even many ovals are known which are
not conics.




Theorem (Segre (1967), JAT (1987))

(i) for q even, every k-arc K with

E>q—+q+1

extends to a hyperoval;

(ii) for ¢ odd, every k-arc K with

1 25
k>q—Z\/§—I—1—6

extends to a conic.

Remarks
For ¢ an even non-square bound (i) can be

improved. For most odd values of ¢ bound
(ii) can be improved. One month ago Ball &
Lavrauw (2017) obtained a very good bound
for all odd ¢, thus improving considerably pre-
vious bounds.




For q a square and g > 4, there exist complete
(g —+/q+ 1)-arcs in PG(2,q) (see e.g. Kesten-
band (1981)).

In PG(2,9) there exists a complete 8-arc.



1.5 k-Arcs in PG(3,q)

Theorem (Segre (1955a), Casse (1969))

(i) For any k-arc of PG(3,q), ¢ odd and ¢g > 3,
we have k < g+ 1; any k-arc of PG(3,3)
has at most 5 points.

(ii) For any k-arc of PG(3,q), g even and g > 2,
we have k < g+ 1; any k-arc of PG(3,2)
has at most 5 points.

Theorem (Segre (1955a), Casse & Glynn (1982))

(i) Any (¢ + 1)-arc of PG(3,q), ¢ odd, is a
twisted cubic.



(ii) Every (g + 1)-arc of PG(3,q), ¢ = 2", is
projectively equivalent to

C = {(1,t,t°tT1)|t € GF(q)}U{(0,0,0,1)},

where e = 2™ and (m,h) = 1.



1.6 k-Arcs in PG(4,q) and PG(5,q)

Theorem
(Casse (1969), Segre (1955a), Casse & Glynn
(1984),Kaneta & Maruta (1989), Glynn (1986))

(i) For any k-arc of PG(4,q), q even and g > 4,
k < g4+1 holds; any k-arc of either PG(4, 2)
or PG(4,4) has at most 6 points.

(ii) For any k-arc of PG(4,q), ¢ odd and g > 5,
k < q-+ 1 holds; any k-arc of PG(4,3) has
at most 6 points.

(iii) Any (g 4 1)-arc of PG(4,q), g even, is a
NRC.

(iv) For any k-arc of PG(5,q), g even and ¢q > 8,
k <q-+ 1 holds.

(v) In PG(4,9) there exists a 10-arc which is
not a NRC: this is the so-called 10-arc of
Glynn.



Remark

Canonical form of a 10-arc of Glynn:
{(t%,t3,t°+0t%,t, 1) |t eGF(¢)}uU{(1,0,0,0,0)},
where o is a primitive element of GF(q) with
02 =0 + 1.




1.7 k-Arcs in PG(n,q),n > 3

T heorem
(JAT (1968), Kaneta & Maruta (1989))
Let K be a k-arc of PG(n,q), ¢ odd and n > 3.

(i) If

then K lies on a unique NRC of PG(n,q).

(i) If k=q+ 1 and ¢ > (4n — 22)?, then K is
a NRC of PG(n,q).

(i) If ¢ > (4n — 32)2, then k < ¢+ 1 for any
k-arc of PG(n,q).



Remark

Relying on the new bound of Ball and Lavrauw
in 1.4 the results in the previous theorem can
be improved considerably.



Theorem (Ball (2012), Ball & De Beule (2012))

(i) If K is a k-arc of PG(n,q), ¢ = p", p prime,
h>1 n<2p—3, then k<q+4 1.

(ii) If K is a k-arc of PG(n,p), p prime and
n<p-—1, then £t <p-+4 1.

(iii) If K is a k-arc of PG(n,q), ¢ = p", p prime,
withg>n—+1>p+ 1> 4, then
k<qg—p+n+1.

(iv) For n < p—1 all (¢ 4+ 1)-arcs of PG(n,q),
g = p", p prime, are NRC.



Theorem (Bruen, JAT & Blokhuis (1988) +
Storme & JAT (1993))

(i) If K is a k-arc of PG(n,q), q even, g #= 2,
n > 3, with
1 3

then K lies on a unique (g + 1)-arc.

(ii) Any (¢ + 1)-arc K of PG(n,q), g even and
n > 4, with
72
> (2n — <)~
q>(2n—2)
is a NRC.

(iii) For any k-arc K of PG(n,q), g even and
n > 4, with

11
q > (277, T ?)27

k< q4+ 1 holds.



1.8 Theorem (JAT (1969))

A k-arc in PG(n,q) exists if and only if a k-arc
in PG(k —n — 2,q) exists.



1.9 Conjecture

(i) For any k-arc K of PG(n,q), ¢ odd
and g >n—+ 1, we have £k <qg—+ 1.

(ii) For any k-arc K of PG(n,q), g even,
g>n-+1and né&{2,qg— 2}, we have
k<q+1.

Remark

For any g even, g > 4, there exists a (¢+2)-arc
in PG(qg—2,q).



1.10 Open problems

(a) Classify all ovals and hyperovals of PG(2, q),
q even.

(b) Is every k-arc of PG(2,q), ¢ odd, ¢ > 9 and
k> q—./q+ 1 extendable?

(c) Are complete (¢ —+/q+ 1)-arcs of PG(2,q)
unique?

(d) Is every 6-arc of PG(3,q), ¢ = 2" h > 2,
contained in exactly one (¢4 1)-arc projec-
tively equivalent to

C = {(1,t,¢5,t°TH|t € GF(q)}u{(0,0,0,1)},
with e = 2™ and (m,h) = 17



(e) For which values of ¢ does there exist a
complete (¢ — 1)-arc in PG(2,q)? There
are 14 open cases.

For q € {4,5,8} a (¢ — 1)-arc is incomplete
in PG(2,q),

for g € {7,9,11,13} there exists a complete
(¢ — 1)-arc in PG(2,q),

for ¢ > 13 a (¢ — 1)-arc of PG(2,q) is in-
complete, except possibly for

q € {49,81,37,41,43,47,53,
59,61,67,71,73,79,83}.

Solved by Ball and Lavrauw (as a corollary

of their bound, see 1.4).

(f) Is conjecture 1.9 true?

(g) Solve problems I, II and III of Segre.



(h) In PG(n,q), ¢ odd and g > n, are there

(¢4 1)-arcs other than the 10-arc of Glynn
which are not NRC?

(i) Is a NRC of PG(n,q), g >n+1, 2<n<

()

(k)

q — 2, always complete?

Find the size of the second largest com-
plete k-arc in PG(2,q) for ¢ odd and for ¢
an even non-square.

Find the size of the smallest complete k-arc
in PG(2,q) for all g.



2. k-Caps

2.1 Definitions

In PG(n,q), n > 3, a set K of k points no three
of which are collinear is a k-cap.

A k-cap is complete if it is not contained in a
(k4 1)-cap . A line of PG(n,q) is a secant,
tangent or external line as it meets K in 2,1 or
O points.

The maximum size of a k-cap in PG(n,q) is
denoted by mo(n,q).




2.2 k-Caps and cap-codes

This is entirely based on Hill (1978).

Let K = {Pl,PQ, 7Pk} with Pi(aio,ail, ...,am),
be a k-cap of PG(n, q) which generates PG(n, q).
Let A be the kx(n+1) matrix over GF(g) with
elements a;;, t =1,2,...,kand j=0,1,...n; A
is called a matrix of K.

Let C be the linear [k,n + 1]-code generated
by the matrix AT Such a code is a cap-code.

A linear code with (n+4+ 1) x k generator matrix
(G is projective if no two columns of G represent
the same point of PG(n,q). Hence cap-codes
are projective.



Delete row ¢ of the matrix A and all columns
having a non-zero entry in that row = matrix
A1. The [k — 1,n]-code C; generated by Af is
a residual code of C.



T heorem

A projective code C' is a cap-code iff every
residual code of C is projective.

T heorem

Let K be a k-cap in PG(n,q) with code C.
Then the minimum weight of C, and that of
any residual, is at least k — mo(n —1,q).

T heorem

(i) ma(n,q) < gmo(n—1,9)—(¢+1), for n > 4,

.. o . n—4_1
(ii) ma(n,q) < ¢" *ma(4,q)—¢" *-25 —=+1,
n > b5.



2.3 k-Caps in PG(3,q)

For ¢ = 2 mo(3,9) = ¢ + 1 (Bose (1947),
Quist (1952)); mo(3,2) = 8. Each elliptic
quadric of PG(3,q) is a (¢4 1)-cap and any 8-
cap of PG(3,2) is the complement of a plane.

A (g2 + 1)-cap of PG(3,q), ¢ # 2, is an ovoid:;
the ovoids of PG(3,2) are its elliptic quadrics.

At each point P of an ovoid O of PG(3,q),
there is a unique tangent plane w such that
m N O = {P}.

Ovoid O, 7 is plane which is not tangent plane
= tNO is (¢ + 1)-arc.

g is even = the (¢2 + 1)(¢ + 1) tangents of O
are the totally isotropic lines of a symplectic
polarity a of PG(3,¢q), that is, the lines [ for
which (¢ = [.



Theorems (Barlotti (1955) + Panella (1955),

Brown (2000))

(i) In PG(3,q), g odd, every ovoid is an elliptic
quadric.

(ii) In PG(3,q), q even, every ovoid contain-
ing at least one conic section is an elliptic
quadric.



Theorem (Tits (1962))

W (q) : incidence structure formed by all points
and the totally isotropic lines of a symplectic
polarity a of PG(3,q).

Then W(q) admits a polarity o/ if and only if
g = 22¢t+1 In that case absolute points of
(points lying in their image lines) form an ovoid
O of PG(3,q); O is elliptic quadric if and only
if ¢ = 2.

For g > 2, the ovoids of the foregoing theorem
are called Tits ovoids.
Canonical form of a Tits ovoid :

O ={(1,zy,z)|z = zy+21T24+y7}U{(0,1,0,0)},

where o is the automorphism t — t2€+1 of GF(q)
with ¢ = 22et1,



The group of all projectivities of PG(3, ¢g) fixing
the Tits ovoid O is the Suzuki group Sz(q),
which acts doubly transitively on O.

For g even, no other ovoids than the elliptic
quadrics and the Tits ovoids are known.

For g even and q < 32 all ovoids are known
(Barlotti (1955), Fellegara (1962), O'Keefe
& Penttila (1990, 1992), O'Keefe, Penttila
& Royle (1994)). Finally we remark that for
q = 8 the Tits ovoid was first discovered by
Segre (1959).



2.4 Ovoids and inversive planes

Definitions

O : ovoid of PG(3,q)
B : set of all intersections =N O,
7 a non-tangent plane of O.

Then Z(0) = (0,B,€) isa3—(¢°+1,9+1,1)
design.

A3—(n?4+1,n+1,1) design T = (P,B,€) is
an inversive plane of order n and the elements
of B are called circles.

Inversive planes arising from ovoids : egglike.

If the ovoid O is an elliptic quadric, then Z(0O),
and any inversive plane isomorphic to it, is
called classical or Miquelian.



Fundamental results

By 2.3 (Theorem of Barlotti & Panella) an
egglike inverse plane of odd order is Miquelian.
For odd order, no other inversive planes are
known.

Theorem (Dembowski (1964))
Every inversive plane of even order is egglike.

Let 7 be an inversive plane of order n. For
any point P of Z, the points of Z other than
P, together with the circles containing P with
P removed, form a 2 — (n2,n,1) design, that
is, an affine plane of order n. This plane is
denoted Zp and is called the internal plane or
derived plane of 7 at P.

Z(0) egglike = Zp Desarguesian, thatis, AG(2,q).



Theorem (JAT (1994))

Let Z be an inversive plane of odd order n. If
for at least one point P of Z, the internal plane
Ip is Desarguesian, then Z is Miquelian.

There is a unigue inversive plane of order n,
n € {2,3,4,5,7} (Witt (1938), Barlotti (1955),
Chen (1972), Denniston (1973, 1973a)).

For n = 3,5,7 a computer free proof of this
uniqueness is obtained as a corollary of the pre-
ceding theorem.



2.5 k-Caps in PG(n,q), n>3
The maximum size of a k-cap in PG(n,q) is
denoted by mo(n,q).

T heorem
(Bose (1947), Pellegrino (1990), Hill (1973),
Edel & Bierbrauer (1999))

(i) mo(n,2) = 2"; a 2"-cap of PG(n,?2) is the
complement of a hyperplane;

(ii) mo(4,3) = 20; there are nine projectively
distinct 20-caps in PG(4,3);

(iii) mo(5,3) = 56; the 56-cap in PG(5,3) is
projectively unique;

(iv) mo(4,4) = 41; there exist two projectively
distinct 41-caps in PG(4,4).



Remark

No other values of mo(n,q), n > 3, are known.

Several bounds were obtained for the num-
ber k for which there exist complete k-caps
in PG(3, g) which are not ovoids; these bounds
are used to determine bounds for m»(n, g), with
n > 3. Here we mention just a few bounds.

Theorem (Hirschfeld (1983))

In PG(3,q), g odd and ¢ > 67, if K is a com-
plete k-cap which is not an elliptic quadric,
then

13
k<q2—zq2—|—2q.



Theorem (JAT (2017))
In PG(3,q), g even and g > 8, if K is a complete
k-cap which is not an ovoid, then

k<qg®>—(V5—1)qg+5.

Remark Combining the previous theorem with
the main theorem of Storme and Sz6nyi (1993)
there is an immediate improvement of the pre-
vious result. This important remark is due to
Szonyi.

Theorem (JAT (2017)
In PG(3,q9), g even and ¢ > 2048, if K is a
complete k-cap which is not an ovoid, then

k<q?—2¢+3/q+2.



Theorem (Meshulam (1995))

For n > 4,q = p" and p an odd prime,
nh+ 1
(nh)?

q" + mo(n—1,q).

mo(n,q) <

Theorem (Hirschfeld (1983))
In PG(n,q),n > 4,q > 197 and odd

1 3 _
mo(n,q) < ¢Vt — an 2 4 2¢" 2,
In fact, for ¢ > 67 and odd,
1 3
mo(n,q) < ¢Vt — an 2+

1 5 7
1—6(31q”—2+22q”—§—112q”—3—14q”—§+69q”—4)

—2(¢" P+ ¢+ g+ 1)+ 1,

where there is no term —2(¢" 244" °4...4+1)
for n = 4.



Theorem (JAT (2017))

(i) mo(4,8) <479;
(i) mo(4,q) < ¢®—¢?+2v5¢—8, q even, q > 8.

(i) mo(4,q) < ¢3 —2¢%2 4+ 3¢/ + 8¢ — 9/q — 2,
q even, g > 2048.



Theorem (JAT (2017))
For g even, ¢ > 2,n > 5.

(i) ma(n, 4) < 13844 4§

(i) mo(n,8) < 478.8"#—2(8" 548" 6 +...+
8+1)+1,

(iii) ma(n,q) < ¢" "t —q"2+2y5g" "3 —9¢" 4~
2(qn—5_|_qn—6_|_—|—q—|—1)—|—1, for q>8

(iv) ma(n, @) < "' =2¢"243¢" 3 /G+8¢" 3
9qn—4\/a_ 3qn—4 _ 2(qn—5 _I_qn—4 +---4+q+
1) 4+ 1, for ¢ > 2048.



Remark

In PG(3,¢q), our bound is better than the bound
k<q?—q+5 (q even and ¢ > 8) of J. M. Chao
(1999). In 2014, J. M. Cao and L. Ou (2014)
published the bound k < ¢?—2¢+8 (¢ even and
g > 128), which is better than ours. However
I did not understand some reasoning in their
proof, so I sent two mails to one of the authors
explaining why I think part of the proof is not
correct. I never received an answer.




2.6 Open problems

(a) In PG(3,q), ¢ #= 2, what is the maximum
size of a complete k-cap with k < g2 + 17

(b) Classify all ovoids of PG(3,q), for q even.

(c) Is every inversive plane of odd order Miquelian?

(d) Determine mo(n,q) or upper bounds of mo(n, q)
forn > 4,q #+ 2.



3. Generalized ovals and ovoids

3.1 Introduction

Arcs and caps can be generalized by replacing
their points with (n—1)-dimensional subspaces,
n > 1, to obtain generalized k-arcs and gener-
alized k-caps.

We will focus on generalized ovals and gener-
alized ovoids.

Strong connections to: generalized quadran-
gles, projective planes, circle geometries, flocks,
strongly regular graphs, two-weight codes and
other structures.



3.2 Generalized k-arcs and generalized k-caps

Definitions

(1)

(2)

A generalized k-arc of PG(mn +n —1,q),
k>m+1>3: set K of £k (n— 1)-
dimensional subspaces such that nom+ 1
of its elements lie in a hyperplane. A gen-
eralized arc K is complete if it is not prop-
erly contained in a larger generalized arc.
Otherwise, if K U {x} is an arc for some
(n—1)-dimensional subspace © of PG(mn+
n—1,q), the space n extends K.

A generalized k-cap of PG(l,q) : set K of
k (n — 1)-dimensional subspaces, k > 3, no
three of which are linearly dependent.



Theorem (JAT (1971))

()

(i)

(iii)

(iv)

For every generalized k-arc of PG(3n—1, q)
we have k < ¢" + 2; for ¢ odd we always
have k£ < ¢"™ + 1.

In PG(3n—1, q) there exist generalized (¢""+
1)-arcs; for g even there exist generalized
(¢g" 4+ 2)-arcs in PG(3n—1,q).

If O is a generalized (¢""+1)-arc of PG(3n—
1,q), then each element =«; of O is con-
tained in exactly one (2n — 1)-dimensional
subspace 7; which is disjoint from all ele-
ments of O\ {=m;};, 7 is the tangent space
of O at m;.

For g even all tangent spaces of a gener-
alized (¢"+ 1)-arc O of PG(3n—1,q) con-
tain a common (n — 1)-dimensional sub-
space w; 7 is the nucleus of O. Hence O is



incomplete and extends to a (¢"™ + 2)-arc
by adding to O its nucleus.

3.3 Generalized ovals and ovoids

Definitions

In Q = PG(2n +m — 1,q) define a set O =
O(n,m,q) of subspaces as follows: O is a set
of (n — 1)-dimensional subspaces 7 ;, with
|O| = q¢™ + 1, such that

(i) every three generate a PG(3n — 1, q);

(ii) for every ¢« = 0,1,...,¢™, there is a sub-
space 1; of £2 of dimension m+n—1 which
contains n! _; and is disjoint from = _, for

. . n—1
J7F i

(1) If m = n, O is a pseudo-oval or general-
ized oval or [n — 1]-oval of PG(3n — 1,q).



(2)

(3)

For m = 1, a [0]-oval is just an oval of
PG(2,q). By 3.2 each generalized (¢"+1)-
arc of PG(3n — 1,¢q) is a pseudo-oval.

For n #= m, the set O is a pseudo-ovoid or
generalized ovoid or [n — 1]-ovoid or egg of
PG(2n +m — 1,q). A [0]-ovoid is just an
ovoid of PG(3,q).

The space 1; is the tangent space of O at
m, 1, it is uniquely determined by O and
T _1-

Theorem (Payne & JAT (1984, 2009))

(i) For any O(n,m,q), n <m < 2n holds;

(ii) Either n =m or n(a+ 1) = ma with a € Ng

and a odd.



Theorem (Payne & JAT (1984, 2009))

(i) Each hyperplane of PG(2n 4+ m — 1,qg) not

(i)

containing a tangent space of O(n,m,q),
contains either O or 1 4 ¢ " elements of
O(n,m,q). If m = 2n, then each such hy-
perplane contains exactly 1 4 ¢" elements
of O(n,2n,q). If m %= 2n, then there are
hyperplanes which contain no element of
O(n,m,q).

If n = m with ¢ odd or if n = m, then
each point of PG(2n + m — 1,q) which is
not contained in an element of O(n,m,q)
belongs to either 0 or ¢ ™ 4+ 1 tangent
spaces of O(n,m,q). If m = 2n then each
such point belongs to exactly ¢""+1 tangent
spaces of the egg. If m # 2n, then there
are points contained in no tangent space
of O(n,m,q).



(iii) For any O(n,m,q), q even, we have

m € {n,2n}.

Corollary

Let O be the union of all elements of any
O(n,2n,q) in PG(4n — 1,q9) and let © be any
hyperplane. Then |ONx| € {y1,7v2}, with

(¢ —1)(g* 1 4+ 1) 1

1= - =¢""
q—1

Hence O defines a linear projective two-weight
code and a strongly regular graph.



3.4 Regular pseudo-ovals and pseudo-ovoids

In the extension PG(2n + m — 1,¢") of the
space PG(2n +m — 1,q), with m € {n,2n},
consider n subspaces &;,7 = 1,2,...,n, €ach a
PG(%—l— 1,¢™), that are conjugate in the exten-
sion GF(¢") of GF(q) and which span PG(2n+
m—1,q¢"). This means that they form an orbit
of the Galois group corresponding to this ex-
tension and that they span PG(2n+m—1,q¢").

In &1, consider an oval O1 for n = m and an
ovoid O1 for m = 2n.Further, define O =
{xél),xgl),...,x(g%)}. Next, let :Bgl),:c,gQ),....,x,gn),
with ¢+ = 0,1,...,¢™, be conjugate in GF(q")
over GF(q). The points zcgl),...,x,gn) define an
(n —1)-dimensional subspace w; over GF(q) for
i = 0,1,...,4. Then, O = {mg,71,...,Tgm} IS

a generalized oval of PG(3n — 1,q) for n = m



and a generalized ovoid of PG(4n — 1,q) for
m = 2n. These objects are the regular or el-
ementary pseudo-ovals and the regular or ele-
mentary pseudo-ovoids.

Every known pseudo-oval is regular and, for q
even, every known pseudo-ovoid is regular. For
g odd there are pseudo-ovoids which are not
regular.



3.5 Translation duals

Theorem (Payne & JAT (1984, 2009))

(i) For g odd, the tangent spaces of a pseudo-
oval O(n,n, q) form a pseudo-oval O*(n,n, q)
in the dual space of PG(3n —1,q).

(ii) The tangent spaces of an egg O(n,m,q) in
PG(2n+m —1,q) form an egg O*(n,m,q)
in the dual space of PG(2n+m — 1, q).

Definition

(1) The pseudo-oval O*(n,n,q) is the transla-
tion dual of the pseudo-oval O(n,n,q).

(2) The egg O*(n,m,q) is the translation dual
of the egg O(n,m,q).



3.6 Characterizations

Let O = O(n,n,q) = {mg,...,myn} be a pseudo-
oval in PG(3n — 1,q). The tangent space of
O at m; is 1;. Choose m;,7 € {0,1,...,9"}, and
let PG(2n —1,q) € PG(3n —1,q) be skew to
w;. Further, let ,n PG(2n — 1,9q) = n; and
(mi, mj)N PG(2n — 1,q) = n;, with j #i. Then
{no,m,...xngn} = A; is an (n — 1)-spread of
PG(2n —1,q).

Now, let q be even and let = be the nucleus
of O. Let PG(2n —1,q9) € PG(3n — 1,q) be
skew to w. If (; = PG(2n — 1,q) N (m, ),
then {(o,¢1,...,¢{yn} = A is an (n— 1)-spread of
PG(2n —1,q).

Next, let ¢ be odd. Choose 7,7 € {0,1,...,q¢"}.
If =; N1y = 5], with 5 # 4, then

{00,001, 05—1, T, 054 1, o, Oqn } = A]
is an (n — 1)-spread of ;.



Theorem (Casse, JAT & Wild (1985))

Consider a pseudo-oval O with g odd. Then at
least one of the (n — 1)-spreads

Do, A1,y Dgn, DAY, AL, oy Al

is reqular iff they all are regular iff the pseudo-
oval O is regular.

Theorem (Rottey & Van de Voorde (2015))

Consider a pseudo-oval O of PG(3n—1, q), with
g=2" h>1,nprime. Then all (n—1)-spreads
Ag, A1, ..., Ay are regular iff the pseudo-oval
O is regular.

An alternative shorter proof and a slightly stronger
result is contained in JAT (2017a)



In PG(3n—1,q) let w1, 7, w3 be mutually skew
(n — 1)-dimensional subspaces, further let 7
be a (2n — 1)-dimensional space containing
but skew to w; and m, with {i,j,k} = {1,2,3},
and let 7; N7 = Nk, with {7,5,k} = {1,2,3}.
The space generated by n; and m; will be de-
noted by ¢;, with i = 1,2,3. If the (2n — 1)-
dimensional spaces (1,(2,{(3 have a (n — 1)-
dimensional space in common, then {mr1, 7, 73}
and {7, ™, 73} are in perspective.

Theorem (JAT (2011))

Assume that O = {mg,m1,...,myn} IS @ pseudo-
oval of PG(3n — 1,¢q), ¢ odd, and let 7; be the
tangent space of O at =;, with « = 0,1, ...,q¢".
If for any three distinct 7,5,k € {0,1,...,q"} the
triples {m;, n;, 71} and {7;, 7;, 7} are in perspec-
tive, then O is regular. The converse also
holds.



Theorem (Payne & JAT (1984, 2009))

The egg O(n,2n,q) is regular iff one of the
following holds.

(i) For any point z not contained in an element
of O(n,2n,q), the ¢" 4+ 1 tangent spaces
containing z have exactly (¢ —1)/(¢ — 1)
points in common.

(ii)) Each PG(3n —1,q) which contains at least
three elements of O(n,2n,q), contains ex-
actly ¢" + 1 elements of O(n,2n,q).

Remark

For more on generalized ovals and generalized
ovoids we refer to THAS & PAYNE (1984,
2009), and THAS, THAS & VAN MALDEGHEM

(2006).




3.7 Open problems

(a) What is the maximium number of elements
of a generalized k-arc in PG(mn+n—1,q)7

(b) What is the maximum number of elements
of a generalized k-cap in PG(l,q)7

(c) Is ¢?"+1 the maximum number of elements
of a generalized k-cap in PG(4n—1, q), with
m > 17

(d) A weak generalized ovoid is a generalized
(¢?"+41)-cap in PG(4n—1,q). Is every weak
generalized ovoid a generalized ovoid?

(e) Does there exist an egg O(n, m, q) for g odd
and m & {n,2n}7?



(f) Is every pseudo-oval regular?

(g) For q even, is every generalized ovoid O(n, 2n, q)
regular?

(h) Is O(n,n,q), with ¢ odd, always isomorphic
to its translation dual?

(i) For g even, is every O(n,2n,q) always iso-
morphic to its translation dual?
In the odd case there are counterexamples.

(j) Is a pseudo-oval O(n,n,2) regular if all spreads
Ap,Aq,..., Aon are regular?

(k) Consider a pseudo-oval O(n,n,q), with ¢ =
2" h > 1, and n prime. Is O(n,n,q) regular



(1)

if at least one of the spreads Ag, Ay, ..., Agn
IS regular?

Consider a pseudo-oval O(n,n,q), with ¢ =
2" h > 1, and n not prime. Is O(n,n, q) reg-
ular if all spreads Ap, Ay, ..., Ay are regu-
lar?
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